Abstract. Bézier surfaces are an important design tool in Computer Aided Design. They are parameterized surfaces where the parameterization can be represented as a homogeneous polynomial in barycentric coordinates. Usually, Wachspress coordinates are used to obtain tensor product Bézier surfaces over rectangular domains. Recently, Floater introduced mean value coordinates as an alternative to Wachspress coordinates. When used to construct Bézier patches, they offer additional control points without raising the polynomial degree. We investigate the potential of mean value coordinates to design mean value Bézier surfaces.
Introduction
Bézier surfaces are based on the works of Bézier, de Casteljau, and Forrest [1] [2] [3] and remain an important tool in Computer Aided Design until today. The most common representations of Bézier surfaces are simplicial Bézier surfaces
and tensor product Bézier surfaces
where λ λ(x) are the barycentric coordinates of x (x, y) with respect to a domain triangle while (2) 
where we use the multi-index notation α (α 1 , α 2 , α 3 ) ∈ we can express tensor product Bézier surfaces in the form of (1) as has been noted in [4] . Using multi-indices α (α 1 , α 2 , α 3 , α 4 ) ∈
4
, we obtain P(x) = 
Here, the equality of (5) and (6) is due to the fact that B n i (x)B n j (y) and B n α (λ W (x)) form both a partition of unity. Therefore, the equality can be deduced by comparing the coefficients of
The coordinate functions λ W i are known as Wachspress coordinates [5] . They can be defined not only for the unit square but within all convex polygons. They are also known as generalized barycentric coordinates because they satisfy the following properties for a point x inside a polygon which is given by boundary vertices v i
and these properties uniquely determine the classical barycentric coordinates with respect to a triangle. Recently, Floater suggested a different set of coordinate functions, which he called mean value coordinates [6] . We denote these coordinates by λ i . Using the notation from Fig. 1 , they are defined by
in the interior of a convex polygon, and they have a continuous extension to the boundary [7] . We list some of their properties. 1. Positivity inside the polygon (9) , partition of unity (10) , and linear precision (11 Although mean value coordinates are only C 0 at the vertices, we can define partial derivatives by taking the limit over difference quotients within the square. This yields by 1.1.5 −1 and similar for the other λ i . Our numerical experiments gave a limit value of approximately −0.7. Nevertheless, this is sufficient for our purposes, and, by taking appropriate combinations of the λ i , we can achieve higher continuity .
The advantage of mean value coordinates is that their Bernstein polynomials B 
coincide if α 2 +α 3 = α 2 +α 3 and α 3 +α 4 = α 3 +α 4 . This means that it is possible to define a different kind of Bézier patches by using the mean value coordinates of the unit square in (1) as suggested in [6, 8] . Moreover, these mean value Bézier patches have a greater number of control points than traditional Bézier patches with the same polynomial degree. In the following section, we will investigate the properties of mean value Bézier surfaces.
Mean Value Bézier Surfaces
Many of the properties of (triangular) Bézier surfaces can be proven by formal manipulations of the barycentric coordinates λ i . Therefore, the respective proofs carry directly over to the case of mean value Bézier surfaces. In the following theorem, we summarize some of these results. (3) and (1) . Then the following properties hold: 
, and 
(e i denotes the multi-index with components (e i ) j = δ i j , and 0 denotes the multi-index with components 0 j = 0.)
Next we give the derivatives of the Bernstein polynomials in λ.
The computation of derivatives of mean value Bézier patches with respect to x and y, which is important to join several Bézier patches smoothly, is more challenging because these derivatives can not be expressed as a linear combination of Bernstein polynomials as it is the case with tensor product Bézier surfaces. Application of the chain rule yields:
and define recursively
Then the first derivatives of P are given by
(21) The second derivatives of P are given by
We can now give continuity conditions for connecting mean value Bézier patches.
Theorem 2.4 (C
where λ(x) is defined with respect to the square [0, 1] 
Respective conditions hold to join patches along the other domain boundary edges.
Proof. This is an immediate consequence of Prop. 2.1.3.
To compare higher order derivatives, we need to know more about the partial derivatives of the mean value coordinates. Instead of trying to give an explicit expression for them, we use the following lemma. 
Proof. The linear precision property (11) of the mean value coordinates implies that linear functions f are correctly interpolated by
where v i are the vertices of the unit square. By choosing f (x) y, we obtain λ 3 (x) + λ 4 (x) = y. Differentiating by x yields the second equality in (27). Everything else follows completely analogous and by using the partition of unity property (10).
Theorem 2.6 (C

-continuity I). A mean value Bézier patch P(λ)
everywhere (in particular at the vertices) iff it satisfies the smoothness condition
(indices of e modulo 4).
Proof. By the symmetry of the mean value coordinates, it is sufficient to prove the claim at one vertex and for one partial derivative. By Lemma 2.3 (compare also (36)), we obtain
and
We have C 
Proof. The derivatives in y-direction coincide by Prop. 2.1.3. In x-direction, we obtain by Lemma 2.3 and (27)
By the symmetry of the coordinate functions, we obtain λ
(1, y), and 
and, for all i = 0 . . . n − 2,
Proof. The second derivatives in y-direction coincide by Prop. 2.1.3. In x-direction, we obtain by Lemma 2.3 and by differentiating (27) and (29)
and a similar term for (1, y) ). The rest follows again by comparing the coefficients of P and P . With (34), (35), and y) we deduce (38) from the second line of (42). Note that (31) is a special case of (38) and that an analogon of (38) holds for the control points b α as well because of (34) and (35). The other three lines of (42) lead to (39)-(41). When computing the mixed derivatives of P and P , we observe that they already coincide by (34) and (35). 
and respective conditions for the other vertices.
Proof. The proof proceeds along the lines of the proof of Thm. 2.6. We use Lemma 2.3 to compute 
as well, but this equation is already satisfied by (43) and (38). We get additional constraints from evaluating Theorems 2.8 and 2.9 together give sufficient conditions to construct a mean value Bézier surface from patches that is C 2 -continuous everywhere.
Results and Conclusion
We observe that mean value Bézier surfaces are well-suited for modeling surfaces. Although the advantage of the greater number of control points (compared to tensor product Bézier surfaces of the same degree) is diminished by a greater number of constraints, we obtain nevertheless interesting, new possibilities for surface construction. One possible, additional benefit is that mean value coordinates, and hence mean value Bézier patches, are well-defined for all convex and non-convex polygons, and we are not restricted to rectangular domains.
In Fig. 2 , we show a mean value Bézier surface that is constructed from four patches of order 2. Here, only the conditions for C 1 -continuity along the common boundaries were met ((26), (34), and (35)). The central vertex is only C 0 . As a result, the joining lines and the central vertex are visible in the shading.
In Fig. 3 , we demonstrate that mean value Bézier surfaces and tensor product Bézier surfaces are qualitatively comparable. These surfaces are constructed from four patches of order 3, and the same control points were used in both cases. Here, all constraints to achieve a C Mean value coordinates were recently generalized to higher dimensions [9, 10, 8] . This allows to define mean value Bézier hyper-patches on (hyper-)cubes. A smoothness analysis similar to the one presented in this paper can be done for the resulting hypersurfaces.
Finally, we want to remark that most of our results are not only valid for constructing Bézier surfaces with mean value coordinates but also for all other differentiable barycentric coordinates as introduced in [11] . This leads to a whole family of different Bézier surfaces. Nevertheless, the convex hull property requires a special property of the mean value (and Wachspress) coordinates: positivity inside the domain. This condition is only guaranteed for few other barycentric coordinates [11] and the reason that we focused on mean value Bézier surfaces.
If Wachspress coordinates are used in our construction of Bézier surfaces, we obtain constant functions for 
